THE GERBY GOPAKUMAR-MARINO-VAFA FORMULA 



DUSTIN ROSS 



Abstract. We prove a formula for certain cubic Z n -Hodge integrals in 
terms of loop Schur functions. We use this identity to prove the Gromov- 
Witten/Donaldson-Thomas correspondence for local Z n -gerbes over P . 



1. Introduction 



1.1. Statement of Results. The Gopakumar-Mariho-Vafa formula, proven 
independently in |LLZ04| and [OP04] . evaluates certain generating functions 
of cubic Hodge integrals on moduli spaces of curves in terms of Schur func- 
tions, a special basis of the ring of symmetric functions. The formula can 
be interpreted as one instance of the Gromov-Witten/Donaldson-Thomas 
correspondence for Calabi-Yau (CY) 3-folds. In this paper, we generalize 
the Gopakumar-Mariho-Vafa formula to Z n -Hodge integrals and we show 
that this formula can be viewed as one instance of the orbifold GW/DT 
correspondence. 

In particular, we define generating functions V*(a) of cubic Z„-Hodge 
integrals on moduli spaces of stable maps to the classifying space BZ n . 
These generating functions are indexed by conjugacy classes \x of the gener- 
alized symmetric group Z n ; and are closely related to the GW orbifold 
vertex developed in |Rosll| . In place of the Schur functions in the usual 
Gopakumar-Mariho-Vafa formula, we introduce generating functions P\{a) 
which are specializations of loop Schur functions, developed in [LP08j and 
[Rosl2| . These generating functions are indexed by irreducible representa- 
tions A of Z n I Sd and are closely related to the DT orbifold vertex developed 
in [BCYlOj . The main result is the following correspondence via the char- 
acter values Xa(m) °f I S^- 

Theorem 1. After an explicit change of variables, 



There are n distinct Z n -gerbes Qk (0 < k < n) over P 1 classified by 
H 2 (? x ,Z n ). We define X to be a local Z n -gerbe over P if X is isomorphic 
to the total space of a rank two Calabi-Yau orbifold bundle over some Qk- 
Applying the gluing rules of [Rosll] and [BCYlOj . Theorem 1 leads to a 
proof of the orbifold GW/DT correspondence for local Z„-gerbes over P . 
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Theorem 2. After an explicit change of variables, the GW potential of any 
local Ij n -gerbe over F 1 is equal to the reduced, multi-regular DT potential. 

This is the first example of the GW/DT correspondence for orbifold tar- 
gets with nontrivial curve classes contained in the singular locus. 

1.2. Context and Motivation. Atiyah-Bott localization ([AB84J) has proven 
to be an extremely powerful tool in both GW and DT theory of toric CY 
3-folds. In particular, it has led to the development of the (orbifold) topolog- 
ical vertex ( [AKMV05|f()RV06| ILLLZ09I IBCY10| IRosllp . a basic building 
block for the GW or DT theory of all toric CY 3-folds. In the GW case the 
vertex is a generating function of (abelian) Hodge integrals, whereas in the 
DT case the vertex can be defined purely in terms of combinatorics. 

The topological vertex formalism provides us with an algorithm for prov- 
ing conjectural correspondences related to GW and DT theory: first prove 
that the correspondence holds locally for the vertex, then show that it is 
consistent with the gluing laws. In the smooth case, this approach was uti- 
lized to prove the GW/DT correspondence for toric 3-folds, beginning with 
[LLZ041 [MLZ071 ILLLZ09] and concluding with [MOOP08j . 

In orbifold Gromov-Witten theory, the first example of this local-to-global 
approach appeared in |CR11| where it was used to prove an example of the 
crepant resolution conjecture. It was further developed in [Rosllj . where 
a correspondence between the A n GW and DT vertex theories was sug- 
gested. In |Zonllj . this correspondence was proven for the effective one-leg 
A n vertex. One consequence of Zong's result is the orbifold GW/DT cor- 
respondence for local footballs (orbifolds with coarse space P 1 and smooth 
away from and oo). The main focus of this paper is the ineffective one-leg 
A n vertex. 

In the ineffective case, several new challenges arise. On the GW side 
one can no longer utilize the Z n -Mumford relation which was the key tool 
in [Zonll] , Moreover, the orbifold structure at the nodes of the source 
curve is no longer determined by the degree of the corresponding map. As 
a consequence the invariants are no longer indexed by partitions, but by 
decorated partitions. The first challenge was overcome in |Zonl2j . where 
a set of linear relations for the vertex was proven to be deterministic. As 
suggested in (Rosllj , the latter challenge is overcome by encoding the twisted 
partitions as conjugacy classes in the generalized symmetric group 7L n \ 
The key to the correspondence between the GW and DT vertex then lies in 
the associated character table. 

On the DT side, the effective case can be interpreted in terms of Schur 
functions, but we lose this interpretation when we pass to the ineffective case. 
However, we observe that the DT vertex can naturally be interpreted as 
specializations of loop Schur functions, developed in [LP08] and [Rosl2j. The 
combinatorial structure of the loop Schur functions provides us in turn with 
very useful properties of the DT vertex which are integral in the arguments 
of this paper. 
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Many interesting questions arise from this work. First, the results of 
this paper give the first example of the orbifold GW/DT correspondence 
for a target which contains nontrivial curve classes which lie entirely in the 
singular locus. In order to state the GW/DT correspondence in this case, it 
is necessary to discard a significant amount of information on the DT side 
by restricting to the multi-regular contributions. It would be interesting to 
generalize orbifold GW theory to account for this extra data and one possible 
approach seems to lie in the very twisted stable maps of |CMU10j . Secondly, 
since the current work completes the one-leg A n GW/DT correspondence, 
another natural extension of this work is to extend the results herein to the 
two, and ultimately the three-leg A n vertex. Finally, the A n vertex is by 
far the easiest geometry in both GW and DT theory. It would be extremely 
interesting to study if/how the GW/DT vertex correspondence extends to 
noncyclic and/or nonhard-lefschetz orbifolds. 

1.3. Acknowledgments. I am greatly indebted to Renzo Cavalieri for his 
expertise, patience, and guidance throughout my studies at Colorado State 
University. This project would not have been possible without him. I am 
also very grateful to Paul Johnson for carefully reading an early draft and 
making many useful suggestions, and to Zhengyu Zong for his helpful com- 
munications concerning his closely related work. For enlightening conversa- 
tions, I would also like to thank Jim Bryan and Melissa Liu. 

1.4. Plan of the Paper. After setting up notation and giving a precise 
statement of Theorems 1 and 2 in Section [2j we study the geometry of 
the framed GW vertex V'{a) in Section [3l In particular, we develop a set 
of bilinear relations which were shown in [Zonl2j to uniquely determine the 
GW vertex from a certain generating function of rubber integrals. In Section 
13.41 we interpret these rubber integrals in terms of wreath Hurwitz numbers 
and apply the Burnside formula to write the bilinear relations in terms of 
the characters of the generalized symmetric group Z n l Sd- In Section HI we 
recall the definition of loop Schur functions and the main results from [Rosl2] 
which are pivotal in the proof of Theorem 1. We also recall a hook- length 
formula from [ER88] and [Nak09j which relates the loop Schur functions 
to the framed DT vertex P\{a). In Section [5j we study the representation 
theory of Z n I where the main tool is the wreath Fock space. Finally, in 
Section [6] we put everything together to prove Theorem 1. In Section [7] we 
use gluing rules developed [Rosllj and |BCY10| to show how the GW/DT 
correspondence for local Z n -gerbes over P 1 follows from Theorem 1. 

2. Background and Notation 

In this section we set up notation which will be used throughout the paper 
and we give a precise statement of the main results. 
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2.1. Partitions. For each positive integer n we fix a generator of the cyclic 
group 

= U,n e. » ) . 

When no confusion arises, we write the generator simply as £. It is well 
known that n-tuples of partitions naturally correspond to conjugacy classes 
and irreducible representations of Z n \ Sd, see e.g. |Mac95| . We will use //, 
v, and r to denote n-tuples of partitions corresponding to conjugacy classes 
and reserve A and a to refer to irreducible representations. We let Xa(m) 
denote the value of the character of the irreducible representation A on the 
conjugacy class \x. 

Consider the n-tuple of partitions 

M =((d?,...,<),... 5 «- 1 ,... ,d£j) 

with dj E N. Let [i % = (d\, d\ o ) denote the partition indexed by i and let /i' 
correspond to the n-tuple of twisted partitions (0,/i 1 , ...,/i n_1 ). At times it 
will be convenient to write fi as a vector {...^ l d 1 -...) where the power of £ keeps 
track of which // the dj came from. Let l(fi) := ^ li denote the length of [/,. 
Set |//| := dj an d IH := Yl 1^*1- A* denote the underlying partition 
of fi that forgets the Z n decorations. We define —fj, := (..., £ n- *<i*-, ...) to be 
the n-tuple of partitions with opposite twistings. We also define 

Zfl := |Aut(ji)| II n 4 

to be the order of the centralizer of any element in the conjugacy class of n. 

Suppose A = (Ao, A n _i). Via n-quotients (described explicitly in Sec- 
tion 15. 2p A can be identified with a partition of nd where d = ^ | Aj | . We 
denote this corresponding partition by A. We write A = where i 

indexes the rows and j indexes the columns of the Young diagram corre- 
sponding to A. We will often think of A as a colored Young diagram where 
the box has color j — i mod n. We denote the boxes with color k by 
X[k]. For □ E A, we let denote the number of color k boxes in the 

hook defined by □ and we define 

"-fc(A) := ^^(^ — !)(# °f color k boxes in the ith row). 

i 

We let 7 denote a tuple of nontrivial elements in Z n . We define 77^(7) to 
be the number of occurrences of E 7L n in 7. 

2.2. Gromov-Witten Theory. Given [i and 7 as above, let A4g t y+u,(BZ n ) 
denote the moduli stack of stable maps to the classifying space with 7711(7) + 
h(n) marked points twisted by £\ 
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For any a £ ^Z, the special cubic Hodge integrals we are interested in are 



(1) 



A (l)A*(a)A* -1 (-a-l) 



[ A u (l)AHa)A* (-0-1) 

JM gn+ ^ n ) §{a) n n-l n j =i ^ _ ^ 



where 



rfc(E«) 

A*(i) := (-l)^(Ef) ^ (_t)^)- Cj ( E ?) 
i=l 

and 5(a) is the function which takes value a?+a on the connected component 
of the moduli space which parametrizes trivial covers of the source and takes 
value 1 on all other components. 

Introduce formal variables, u and Xj to track genus and marks. Also in- 
troduce the variables p^ with formal multiplication defined by concatenating 
the indexing partitions. Then we define 

(n—l mj (7) \ 
9,1, V i=l % ' / 

where denotes "the coefficient of p^ . By definition, V'(x,u;a) is the 
one- leg ^4 n _i orbifold GW vertex defined in [Rosll] . 
For later notational convenience, we define 

n 

(2) V;{a) := H(^l£Jw;(x,u;a). 

i=l 

where l n :=Iq. 

2.3. Donaldson-Thomas Theory. Let qo, q n ~i be formal variables (al- 
ways assume that the index of is computed modulo n) and define q := 
qo...q n -\. For A as above, define 

P\(qo,-,q n -i) 



n ne A(i-a^ (D) 

By definition, P\(— qo, <?n-l) is the reduced one-leg A n _\ orbifold DT 
vertex defined in [BC YlOj . We define the framed DT vertex by 
(3) 

h(a):=(((-U X] U^ l] T II «&) ^/^ d U^Wqo,-.,q 



Remark 2.1. \\ ls a character of Sd n whereas dim(A) is the dimension of 
an irreducible representation of Z n l Sd- As we will see in Section 15.41 the 
quotient g^?^ is simply a compact way of keeping track of a sign. 

Remark 2.2. In Corollary 14.41 we relate P\(0) to loop Schur functions. 
2.4. The Correspondence. We will prove the following formula. 
Theorem 1. After the change of variables 

y;(a) = ^P A (a)^) 

A Z V 

In Section [3 we use Theorem 1 to deduce the Gromov-Witten/Donaldson- 
Thomas correspondence for local Z n -gerbes over P 1 . 

Theorem 2. Let X be a local Z n -gerbe overF 1 and letGW(X) andDT' mT (X) 
denote the GW potential and the reduced, multi-regular DT potential of X , 
respectively. After the change of variables 

GW(X) = DT' mr (X). 
3. Geometry 

In this section we set up auxilary integrals on moduli spaces of relative 
maps into P 1 -gerbes in order to obtain bilinear relations between the vertex 
V'(a) and certain rubber integrals H'(a). These relations were developed 
independently in /on 12 where it was shown that they uniquely determine 
V*{a) from H* (a). Since our conventions and notations differ slightly, we 
reproduce the computations here. The rubber integrals in H' (a) can be 
interpreted as wreath Hurwitz numbers, and we conclude the section by 
writing H'(a) in terms of characters of the generalized symmetric group. 

3.1. Auxilary Integrals. Here we set up integrals on moduli spaces of 
relative stable maps to P 1 -gerbes. For each line bundle O(-k) with < k < 
n, we can define a P 1 -gerbe Qk with isotropy group Z n and an orbifold line 
bundle Lj~ as follows. The gerbe Qk is defined by pullback 

Qk ► BC* 



A— >A n 



and the top map parametrizes the line bundle Lk- Note that the numer- 
ical degree of Lk is —k/n and the action of 7L n on the fibers is given by 
multiplication by £ n (see e.g. Section 2.3 of [Rosll| ). 



We consider the relative moduli spaces M. g ~f(Gki A* I 00 ]) which parametrize 
maps with fixed ramification (and isotropy) profile over oo. These moduli 
spaces were developed in |AFllj . The integrals we will investigate are the 
following. 

(u) «4. (6wM , e(J ' v * ((/ * i ° ,( - D)s/,i ° ( - 1),) 

where D is the locus of relative points on the universal curve with trivial 
isotropy and / contracts the degenerated target and maps all the way to Qq , 
and 

(1-2) rAr^ f e(i?V*(/*L*e/^(-l))). 

|Aut(M)| JM g , y {g k A°°]) 

3.2. Partial Evaluations. In certain cases, we can evaluate the integrals 
and ()I-2|) explicitly. We collect these computations here. 
We begin with the first integral. As we will see in Section 13.31 is 
equal to V g>1 (fj,;0). Therefore, we consider special choices of u for which we 
can evaluate V g ^(u;0). 



Lemma 3.1. 



M 



9-1 



Proof. By dTJ, V g ^((d);0) vanishes away from the locus of maps which pa- 
rametrize trivial covers. In particular, since 7 consists of nontrivial elements 
in Z n , the cover can only be trivial if 7 = 0. On the locus of maps which 
parametrize trivial covers, E f = E°. Therefore we can apply the Mumford 
relation to the integrand in the definition of V g $((d); 0). The lemma follows 
by pushing forward to M 9t i which is a degree ^ map. □ 



Corollary 3.2. 



V (d) (0) = ^-±— cscf — \ 



2nd V 2 / ' 

Proof. This follows from Lemma 13.11 and [F P00] . □ 
Corollary 3.3. 

Proof. By ([T|), the only nonzero vertex terms V^ i7 (/x) with fi° ^ are those 
with a single untwisted node, these invariants were computed in Lemma 
13.11 Passing from the connected invariants to the disconnected ones by 
exponentiating proves the result. □ 



From these evaluations, we see that the a = vertex is completely de- 
termined once we know the contributions coming from partitions \x with 



For the integral ()I-2j) . we obtain the following vanishing result. 



Lemma 3.4. The integral (jF2J) vanishes if any of the parts of fj, are un- 
twisted. 

Proof. The integral vanishes by dimensional reasons. The dimension of the 
moduli space is \fj,\ + 2g — 2 + \~/\ +/(//). The degree of the integrand can be 
computed by orbifold Riemann-Roch, we obtain |u| +2g — 2 + I7I + /(//)• □ 



3.3. Bilinear Relations. We now compute the integrals (II- lj) and (II- 2 p via 

localization. We begin with (II- ip by equipping the target with a torus action 
and choosing an equivariant lift of the integrand with the following weights: 





T(-oo) 


Lo L^(-l) 





1 


a —a — 1 


00 





a —a 



Each fixed locus of the torus action can be encoded by a bipartite graph 
r with white (black) vertices corresponding to the connected components of 
/ -1 (0) (/ _1 (oo)). The vertices and ed ges are decorated with the following 
data: 

• Each vertex v is labeled with a tuple j v of nontrivial elements in 
7L n corresponding to the twisted marks on that component and an 
integer g v corresponding to the genus. 

• Each edge e is labeled with a complex number (£ ke d e ) which induces 
a n-tuple of partitions v v S Conj (Z„ \ Sd v ) at each white vertex and 
—u v £ Conj(Z n l Sd v ) at each black vertex. 

• In addition, each black vertex is labeled with a n-tuple of partitions 
fi v such that |/Ay I = \ v v \ and the union of all (jl v is \x. 

To a white vertex, we associate the contribution 

Cont(u) = V gvr/V (u v ;a) 
and to a black vertex we associate the contribution 

Cont(u) =^ , A , M ^ 

|Aut(^)| 

_(_^, ) 2 3i'- 3 +l7i'l+'(^)+'(A t i') ) 

],IM,[oo])//C 

where ipQ is the target psi class. By the localization formula (see for example 
[Liull| or Section 4 of |Zonl2| ) we compute the integral 




Remark 3.5. In the simplification of the black vertex contribution, we used 
the Z n -Mumford relation ([BGP08]), namely: 

AHa)A^ 1 (-a) = a rk ^\-a) rk( - E ^^ 
where the ranks can be computed by orbifold Riemann-Roch. 

Setting a = 0, we observe that the contributions from black vertices vanish 
and the integral is equal to V gri (u; 0). 

Define the rubber integral generating function 

H uA x,u) .- |Aut(l/)||Aut(M)| 2^]_% mi(7) , - mn _ i(7) , 

where r :=2g — 2 + l{n) + l{v) and M. is the space of relative maps into the 
rubber target: M 9tl {Go] v[0], /i[oo])//C*. 
For notational convenience, we define 

#* M ( a ) : = ex P ( H vA a &n x i> -,a^~ n x n ^ 1 , \f-Lau)) 
The above localization computations amount to the following bilinear 
relations between V and H: 

(R-l) F;(0) = ^ y;(a)z^'^(a). 

We also compute ()I-2|) via localization using the torus action linearized 
with weights 





T(-oc) L k 


f^(-l) 





1 


-1 


oo 


k/n 


—k/n 



The localization computation is almost identical, however the components 
mapping onto Qk are slightly different. In particular, if a rational curve maps 
to Qk with degree d and twisting i E Z n at 0, then the twisting at oo must be 
—dk — i G Z n . Define gk(Cd) := {£, dk ~ l d) and naturally extend the definition 
of ^ to /i. Then localizing ()I-2p leads to the relations 

( R - 2 ) = E ^(°M^M,m 

I^IHmI 

where u is any partition with at least one untwisted part. 

The bilinear relations (|R-2p were derived as equation (5) in [Zonl2j . The 
main result of that paper is the following. 

Theorem 3.6 ([Zonl2]). Relations (|R-2p uniquely determine VJ(0) from 
rubber integrals and the partial evaluations of Corollary \3. 31 

Theorem 13.61 is proven in |Zonl2] by interpreting the rubber integrals 
in terms of double Hurwitz numbers. In Section 13.41 we reinterpret the 
rubber integrals as wreath Hurwitz numbers which allows us to utilize the 
representation theory of the generalized symmetric group. 
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3.4. Wreath Hurwitz Numbers. In the non-orbifold case, it was shown 
in [LLZ041 IMLZ07] that certain rubber integrals can be interpreted in terms 
of double Hurwitz numbers. In this section, we generalize their result to the 
orbifold case. 

Hurwitz numbers classically count degree d ramified covers of Riemann 
surfaces with monodromy around the branch points prescribed by conjugacy 
classes in Sd- (Cyclic) wreath Hurwitz numbers are defined to be analogous 
counts of degree dn ramified covers where the monodromy is prescribed by 
conjugacy classes \x in 7L n \Sd- Since Z n is in the center of Z n lSd, such covers 
have a natural Z n action and the quotient is a classical Hurwitz cover, the 
monodromy is given by the underlying partitions ji. 

We define now the particular wreath Hurwitz numbers which arise in our 
context. 

Definition 3.7. Let H®'^ be the automorphism-weighted count of wreath 
Hurwitz covers / : C — > P 1 where the branch locus consists of a set of I7I 
marked punctures, r unmarked punctures, 0, and 00, and the maps satisfy 
the following conditions: 

• The quotent C/Z n is a connected genus g curve, 

• The monodromy around and 00 is given by v and //, 

• The monodromy around the branch point corresponding to ji 6 7 is 
given by the conjugacy class (7$, 1, 1), 

• The monodromy around the r additional branch points is given by 
the conjugacy class (2, 1, 1). 

Remark 3.8. Here we use the vector notation for n-tuples of partitions 
introduced in Section 12.11 

Remark 3.9. H%'J = unless r = 2g — 2 + l(v) + 1(h). In what follows, we 
define r to be this value. 

The next theorem relates the rubber integrals which arose in the local- 
ization computations to the wreath Hurwitz numbers H®'^. 

Theorem 3.10. 



Proof. Via the forgetful map F : M gn (Qo;u[0], fi[oo]) -> M g>n (F 1 ;u[0), fj,[oo]), 
we obtain a branch morphism Br : A4 g j(Qo;v[0], fj,[oo]) — > Sym r P 1 = P r 
by postcomposing F with the usual branch morphism. For each of the n 
(twisted) marked points, we also obtain maps ebi : M. 9jl (Qo\ f[0], A 1 [00]) — > 
P 1 by postcomposing the usual evaluation map with the natural map to P . 
Then the wreath Hurwitz numbers can be expressed as 




r-l+M 
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It is left to show that 

f_ Br*(pt)-T[ev* i (pt) = rl f_ ^p 1+H 

and we accomplish this via localization. 

We equip the moduli space with a torus action by fixing the C* action 
on the target t ■ [zq : z\] = [zq : tz\] so that the tangent bundle is lin- 
earized with weights 1 at = [0 : 1] and —1 and oo = [1 : 0]. The iso- 
morphism P r = P(i7°(P 1 , 0{r)) — > Sym r P 1 is given by s — > Div(s) where 
the basis (zq, Zq~ 1 z\, z[) for H ^ 1 , 0(r)) corresponds to the homoge- 
neous coordinates (yo : y\ : ... : y r ). We equip P r with the torus action 
t ■ (yo '■ yi y r ) = (yo ■ ty± ■ t r y r ) which makes Br an equivariant 

map. We lift \pt] G if 2r (P r ) to UZo(H + ih) G H^(W), the preimage of 
this lift is the locus of maps where the simple ramification points map to 
oo. Likewise we lift 

ev*(pt) = c 1 (ev*0(l)) 

by linearizing 0(1) with weights at and —1 at oo. 

With these choices of linearizations, we see that the integrand vanishes on 
all fixed loci where any of the n + r points with nontrivial monodromy map 
to 0. This leaves exactly one fixed locus where the target expands over oo 
and everything interesting happens over the expansion. On this locus, the 
integrand specializes to (— h) r+n r\ and the inverse of the equivariant Euler 
class of the normal bundle is 



/M gjT (e ;*'[o],/4oo])//C* ~ h ~ V>o 
Therefore the contribution, and hence the integral in ([4]), is equal to 

r! / ^ +n -\ 

■/X g , 7 (g ;f[0],M[oo])//C* 



□ 



Corollary 3.11. 
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where Hu'fl* is the wreath Hurwitz number with possibly disconnected covers. 
By the Burnside formula (|Dij95|), we compute 

H »T= E (MA)) r n(/*wr (7) xx{fl) xx{v) 



\\\=d 



where 

nd(d-l)xA(2,l,-,l) 
/T(A) := ^dirnA 

and 



/i(A) := 



dimA 

Therefore we obtain the following form for the generating function of 
wreath Hurwitz numbers: 



(5) h; iIX ( x ,u)=J2 



\x\=d z » Zv 



Using the fact that X\{~ v ) = X\{ v )i orthogonality of characters gives us 
the following relations: 

(6) H*A X + V,u + v) = H *A X > u ) z ^ H -a^{y, v ) 

and 

(7) ^(0,0) = -^. 

Using ^ and (0) to invert (jR-ip . we obtain the following. 
Lemma 3.12. Framing dependence in the conjugacy basis: 

W\=M 

In particular, Lemma 13.121 shows that the relations (|R-ip determine the 
general framed vertex from the a = vertex and it tells us the correspon- 
dence exactly in terms of characters of the generalized symmetric group. 

Define 

P x (a) : =^u;(a) XA (-^) 
n 

or equivalently 



X ^ 

Then Lemma 13.121 is equivalent to the following. 
Lemma 3.13. Framing dependence in the representation basis: 
P x (a) = e ~^ aiTi - X)u ~ a ^^ i ^ X)Xl Px(Q) 

4. Combinatorics 

In the previous section, we investigated the geometrically defined Gromov- 
Witten vertex V'(a). In this section, we investigate the combinatorially 

defined Donaldson-Thomas vertex P\(a) and relate it to the loop Schur 
functions. 
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4.1. Loop Schur Functions. For a positive integer n and partition p, the 
colored Young diagram (p, n) is obtained by coloring the boxes of the Young 
diagram by their content modulo n. In other words if □ is in the ith row 
and the jth column, we color it with c(D) := j — i mod n. For example, if 
p = (4, 3, 3, 1) and n = 3, the colored Young diagram is given by 



with 



o 



□ 



1 o 



□ 



and 2 f-> 



□ 



We let p[i] denote the collection of boxes with color i. A semi- standard 
Young tableau (SSYT) of p is a numbering of the boxes so that numbers are 
weakly increasing left to right and strictly increasing top to bottom. For 
each SSYT T and □ € p, we define the weight w(\D,T) to be the number 
appearing in that square. To each p, n, and T G SSYT(p,n), we associate 
a monomial in n infinite sets of variables {qij\i £ ^n ; J £ N}: 

n-l 



n n %w<p,t)- 

i=0 Dep[{] 



For example, the SSYT 



1 


1 


2 


4 


2 


~3~ 






« 


4 


6 




7 









gives the monomial 

Q T = 90,190,390,490,690,791, 191,391,4^2^2,4- 

Definition 4.1. The loop Schur function associated to (p, n) is defined by 

s pN : = Yl qT - 

TeSSYT(p,n) 

Remark 4.2. In the current setting, we only care about the case where 
p = A arises from an n-tuple of partitions A. This is equivalent to the 
condition \p[i]\ = \p\j]\ for all 

Denote by S\ the function in n variables obtained by making the substi- 
tution qij = q\ in S\[n]. The following result appears in both [ER88J and 
[Nak09] .' 
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Lemma 4.3 C |KR88l INaE09] ). 



5 A - ^ % 



Hi(X) 



n ne A(i-a^ (D) 



As a consequence, we have the following identity: 
Corollary 4.4. 

A(o) = f^gi(-i)^ A . 

We also recall the definition of the series s k p [n] from [Rosl2| . For < k < 
n, define the shifted weight 

w k (D,T) ~ w (n,T) + 

n 

and the corresponding monomial 

n-l 

q T,k := Qi,w k (n,T) 
i=o nep[i] 

where the second index belongs to ^Z. 

Definition 4.5. The k-shifted Schur function associated to (p, n) is 

TeSSYT(p,n) 

We denote by S k the series in n variables obtained from s k p [n] by special- 
izing qij = q\. We have the following natural generalization of Corollary 
PI 

Lemma 4.6. 



\(m)ga 



4.2. Combinatorial Identities. The following (specializations of) results 
from [Rosl2] will be integral in proving Theorem 1. 

Theorem 4.7 ( [Rosl2| . Theorem 1). 

— ^ ^ = ^(-1)^)-^ CT 

1 - {q ...q n -iy ^ 

where the sum is over all ways of adding a connected length In border strip 
to A and ht(a \ A) is the number of rows that the border strip occupies. 

Theorem 4.8 ([Rosl2], Theorem 2). For a fixed A and k ^ 0, 

where the sum is over all ways of adding a connected length In border strip 
to A. 
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5. Representation Theory 



In this section we investigate certain characters of the generalized sym- 
metric group which arose in Section 13.41 Our main tool is the wreath Fock 
space. We begin by recalling the basic definitions and results concerning the 
usual Fock space. 

5.1. The Infinite Wedge. The infinite wedge provides a convenient setting 
for studying the representation theory of the symmetric group in terms of 
combinatorial manipulations of partitions and Maya diagrams. For a more 
thorough treatment of the infinite wedge and some of its applications in 
Gromov-Witten theory, see for example [OP021 [OP04 or for an application 
in double Hurwitz numbers, see |JohlO| . 

Let V be the infinite vector space with spanning set indexed by half 
integers: 

oo 

Definition 5.1. The infinite wedge f\ 2 V is the vector space 

■x 

K v := 0(ii A !2 a ...) 

(*fc) 

where (ik) is a decreasing sequence of half integers such that 

ik + k = c 

for some constant c and k S> 0. We call c the charge of the vector. 

We will only be concerned with the subvector space spanned by vectors 

oo 

of charge 0. We denote this space by /\ 2 V. 

5.1.1. Maya Diagrams. The primary combinatorial tool for us will be Maya 
diagrams. A Maya diagram can be thought of as a collection of stones placed 
at the half integers such that half integers without stones are bounded below 
and the half integers with stones are bounded above. 

oo 

The basis vectors of /\ 2 V can be identified with Maya diagrams canon- 
ically as follows. Let S = {ik} where (ik) corresponds to a charge vector. 
Then mg is the Maya diagram with a stone in the ith place if and only if 
i € S. 

5.1.2. Partitions. The charge zero basis vectors can also be canonically iden- 
tified with partitions. If we let a be the increasing sequence of half integers 
in S n Q>o and j3 the increasing sequence of half integers in — (S c n Q<o) 5 
then (a |/3) is the modified Frobenius coordinate of a partition p. In other 
words, representing p as a Young diagram, Qj is the number of boxes (half- 
boxes included) in the ith row to the right of the main diagonal and is 
the number of boxes in the ith column below the main diagonal. 

15 
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2222222222 



Figure 1. Correspondence between the different combina- 

oo 

torial bases of /\ 2 V. 

Equivalently, the partition p = (pi,p2, •■•) is determined by writing vs in 
the following form. 

v S = Pi- 1/2 A p 2 - 3/2 A 

To relate partitions to Maya diagrams, rotate the corresponding Young 
diagram counterclockwise by 135 and place directly below the vertex. The 
stones in the Maya diagram lie directly below outer edges of the Young 
diagram which have slope 1. This correspondences is illustrated in Figure 
1. 

oo 

5.1.3. One Basis. With the above correspondences, we will think of /\ 2 V 
simultaneously as the vector space spanned by 

• Sequences S of the half integers with charge 0, 

• Maya diagrams, or 

• Partitions. 

For simplicity, we will denote the basis elements by v p keeping in mind that 
the partition p corresponds canonically to a Maya diagram m p and a set of 
half integers S p . 

5.1.4. Operators. In order to relate the apply the infinite wedge to our study 

oo 

of representation theory, we define several operators on /\ 2 V via their 
action on basis elements v p . 

For any half integer k and basis element v p , the operator Ek t k acts on v p 
as follows: 

{v p k > 0,k £ S 
-v p k <0,k £ S 
else. 

16 



For k a positive integer, the creation operator acts on v p as follows: 
U-kV P = £(-1) W(tV0 «,t 

T 

where the sum is over all ways of adding a /c-strip to p. In terms of Maya 
diagrams, the sum is over all ways of moving a stone k places to the left and 
the sign corresponds to the number of stones jumped during such a move. 

To relate the infinite wedge to the representation theory of the symmetric 
group, recall that each partition p corresponds to an irreducible representa- 
tion of Sd with character xp- Given a partition r = (d\, ...,di) corresponding 
to a conjugacy class in Sd, we define the operator 

i 

ol-t ■= JJa-di 
i=i 

The following identity follows from the Murnaghan-Nakayama formula for 
characters of the symmetric group: 

(8) a- T v $ = ^2x p (t)v p . 

p 

We also define the operator 

p := V n 



•Ft ■= 2^ ~ E Kk- 

k 



If T is the conjugacy class of a transposition, then the eigenvalues of Tt are 
the central characters /r(A) := ^lm(Ap : 

(9) T T -v x = f T (X)v x . 



5.2. Wreath Fock Space. The wreath product generalization of the Fock 
space gives a combinatorial tool for manipulating the representation theory 
of the groups Gl Sd- These spaces and their corresponding operators have 
been developed in e.g. [FW01, QW04, Joh09]. We merely focus on the 
cyclic case which is all we require. To that end, the wreath Fock space can 
be defined as 

oo 

Z n := (g) ]\V. 

{0,...,n-l} 

Basis vectors correspond to n-tuples of partitions A = (Ao, A n _i) or, 
equivalently, n-tuples of Maya diagrams. 

In the wreath Fock space, there is an additional way by which we will 
distinguish a basis element. Given an n-tuple of Maya diagrams, we can 
interlace them to get a single Maya diagram by sending a stone in the fcth 
place of the ith Maya diagram to position n (k — i) + (i + i) in the new 
Maya diagram. An example of this identification is shown in Figure 2. This 
new Maya diagram corresponds to a partition of nd which we denote A. 
Reversing this process is usually referred to as an n- quotient. As in Section 

17 
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Figure 2. A example of a 3-quotient. 

IH we consider A as a colored Young diagram and it is well known that any 
colored Young diagram (p,n) with \p[i]\ = \p[j]\ can be obtained as A for 
some n-tuple of partitions A. 

oo 

For any operator M on /\ 2 V and any integer < k < n — 1, we define 
the operator M k to act on Z n by acting as M on the kth. factor and trivially 
on the other factors. 

Given A, we can canonically identify it with an irreducible representation 
of Z n I Sd with character xx- Similarly, given an n-tuple of partitions /i = 
(fjP, p n ~ l ) with p k = (d k ,...,df ), we can be canonically identify it with 
a conjugacy class. We have the following important generalizations of © 
and <^j: 

n— 1 Ik / n—1 \ 

( io ) n n =e^(^a- 

fc=0i=0 \j=0 1 ) A 



and 

(ii) UE- 7 ^) •"a=/t(%. 



n-l 



i=0 



5.3. Central Characters. We now use the combinatorics of colored par- 
titions and Maya diagrams to study the central characters /«(A) and /t(A) 
which arose in Section [32 



Lemma 5.2. Let A = (Aq, A n _i) with |Aj| = dj. TTien 
ft 



3 

and 

(ii) 

/t(A)= £ i-i 

(i,i)6A[Q] 

Proof. To prove identity (j]}, recall that 

M 1 dim(A) XA (1<*) ' 
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For /jl = (l d ), the coefficient of v\ in (|10|) can be interpreted as the number 
of ways to build A = (Ao, A n _i) one box at a time. Equivalently, this 
can be interpreted as the number of standard Young tableaux of A, i.e. the 
number of ways to fill the boxes of the Aj with the numbers 1, d with the 
property that numbers always increase along rows and down columns. This 
is easily computed: 



(12) 



xa(i c 



d 

do, d n -\ 



jQdim(A i ) 



where we use the fact that dim(Aj) is the number of standard tableaux of 
A*. 

On the other hand, for fi = (£*,l rf_1 ), the coefficient of v\ in (jlOp can 
be interpreted as a weighted count of ways to build A one box at a time, 
where the weight is if the first box is a part of Xj. This is also easily 
computed: 



n-l 



(13) XA(f,l 



d-l 



d-l 
do, -;dj — 1, . 



, d 



71—1 



ndim(A 4 ). 



Identity ([!]) follows by dividing (|13f) by (|12p and multiplying by d. 

To prove identity ([n]), begin by writing A = (a|/3) in modified Frobenius 
notation (c.f. Section l5.ip . Then the number of boxes in A[0] to the right 



(below) the ith diagonal element is given by \_^\ 
the sum in (jn]) over these |_^- 

n + In + ... + n 



ft 



If we compute 



terms, we get a contribution of 



n 



-n 



2n 



n 



h 

n 



Therefore, the right side of the ([n]) can be written as 

/ " 2 

oo 

(14) j~i = n^2 



(«)6A[i 



i=l 



v 




To compute the left side of (jn]), we consider equation (jlip . Via the n- 
quotient correspondence described above, we can interpret v\ as a vector 



v x e Ao 2 • Under this correspondence, the operator n Y^i=o becomes 



El 





k 




( 








n 





Each summand acts simply by multiplying v\ by an appropriate scalar. This 
scalar is zero unless k = on > or k = —Pi < for some i. In these cases, 
the scalar is 



1 



n- 



07 

n J 
19 



+ 



1 



and 



1 

-n— 
2 



1 

+ 2 



n 

We obtain (|14[) by summing over all such i. □ 
Lemma 5.3. After the change of variables prescribed by Theorem 1, 

l/n 

(15) [ TT CI) =(-W ,i fe Ei *)e^^SfAW.i) 




Proof. If A = (Ao, A n _i) with |A»| = dj, then in terms of Maya diagrams 
we can interpret the d{ as follows: d{ is the number of moves it takes to build 
the Maya diagram of \ from the empty Maya diagram by only moving stones 
one place at a time. Moreover, each such move has the effect of adding a 
length n border strip to A, the northeast-most box in the strip having color i. 
Moreover, the quantity j — i decreases uniformly by 1 as we move south and 
west along the strip. Therefore, each such move contributes to j)eA Qj-l 
a factor of 

_fc_fc— 1 _k— i+l„k— i,,k— i— 1 „k—n+l _ „k—i (J,J,—\ 1 rl i-n+l\ 

QiQi-l—Ql % Q n -i —Qi+l — 1 9i«ti-1— ) 

for some k. Combining these factors, we find 

n-l 

(i6) n = « M &-v<iT n+ T n (^ci-^^i-cr 1 )^ 

(i,j)e\ *=1 
for some value M. But M is j)eA[o]C? ~~ *) wmcn we know is equal to 



/t(A) from Lemma [ 

It is left to investigate what happens to the factors in (|16p after the change 
of variables. Since q — > e^~^ u and M = /t(A), then we see immediately 
that the u factors on either side of (|15p agree. 

We now compute the coefficient of diXj in the exponent of (]16p after the 
change of variables. To do this, we must compute the coefficient of Xj in 
the factor q\q % ~\ ■ ■■■ ■ QiQn-i-"1i+i + • Applying the change of variables, this 
coefficient is 

(I 7 ) ~ ~ \^2n ~^2n) ~ /-^ ~ \^2n ~ ^2n 

r=l s=i+l 

Many of the terms in the sum cancel. Using the fact that the roots of unity 
sum to zero, (|17p simplifies to ■ A similar computation shows that 

the coefficient of d^Xj is t^n ■ Therefore, the coefficient of Xj is 

where the equality follows from the first identity of Lemma 15.21 

Finally, we consider the roots of unity which appear outside of the ex- 
ponent in the change of variables. The root of unity that factors out of 
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the term (q n \...q 1 n+l ^ 1 ^ n \ s easily computed to be — £ 2 n an( ^ the ro °t °^ 

unity which factors out of the term (?i9iZi---9i9^i---^7" +1 ) 1 " is — ^n&n'- 
Putting all of this together proves the result. 

□ 

5.4. Signs. We will need a few more representation theoretic lemmas, we 
first introduce some notation. 

If a is obtained from A by adding a length kn border strip, then the 
n-tuple of Maya diagrams corresponding to a is obtained from those corre- 
sponding to A by moving a stone k places in the ith row. Let /3(cr\ A) denote 
the number of stones in the ith row which are skipped over. Equivalently, 
(— 1)^(°"\ A ) is the coefficient of v a in a l _ k {v\). 

y l n <i\ 

The first lemma allows us to deal with the sign dim(A) appearing in The- 
orem 1. 

Lemma 5.4. If a is obtained from A by adding a length kn border strip 
beginning with a color i box, then 



Xa{n d+k ) _ ,_^/3( (T \\)+ht(v\X)-lX\( n ) 



dim(o") dim(A) 

Proof. By ([8]), X\( nd ) is the weighted sum of ways to create the Maya dia- 
gram of A from the vacuum diagram by moving stones n places at a time; the 
weight is ±1 depending on whether the total number of stones jumped over 
is even or odd. It is not hard to see that the weight of any such sequence is 
equal to the weight of any other. Since dim(A) is the total number of such 

y _ (fld\ 

sequences, we see that dim(A) * s ec l ua l to the weight of any one of them. 

Now suppose a is obtained from A by adding a length kn border strip. 
We can think of a as being obtained from A by moving a single stone kn 
places to the left in the Maya diagram of A, ht(a \ A) — 1 is the total number 
of stones jumped while /3(c \ A) counts the number of jumped stones which 
are n, 2n, 3n, ... positions to the left of where the stone sat originally. 

On the other hand, the Maya diagram of a can be obtained from that of A 
by choosing a sequence of length n jumps. As above, °[i m (g-) = (— 1)* ^(a) 
where * is equal to the total number of stones jumped during the sequence 
of moves. With the above interpretations for ht(a \ A) — 1 and /3(<r \ A), we 
see that the number of stones jumped in this process is (ht(a \ A) — 1) — 
/3{a\\). □ 

The final lemma of this section allows us to compare Xa(/-0 with X\(9k( a ))- 
Lemma 5.5. If A = (Ao, A n _i) with \Xj\ = dj, then 
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Proof. Write \i = (/jP, /x n *) with ^ s = (df,...,^) and define (,) to be 
the inner product for which {v\} is an orthonormal basis. By (|10p . we have 

(n— 1 Z s / n— 1 \ 
nn E^' +sv - d f 
s =o i=o \j=o / 

(n-1 l s (n-1 \ 
nii E^ v. 
s=0 i=0 \j=0 J 



□ 



6. Proof of Theorem 1 

Theorem 13.61 equation ([5|), and Lemma T3.13I justify the following reduc- 
tion. 

Reduction 6.1. To prove Theorem 1, it suffices to check that the following 
properties hold after the prescribed change of variables. 

(I) The framing factors are consistent: 



-6n) |A| n^n A '') Yl 4"i I =e* /=I " f ' tX) " + "- i -" LiX) ''' 



(II) P\(0) satisfy the partial evaluations of Corollary \3.3[ 



W=M \ M i=i V // \M=Im'I 

(Til) -Pa(O) satisfy the relations ()R-2p /or aZZ /i wii/i ai /east one untwisted 
part: 



We now check identities (I) - (III). 
Identity (I). This follows immediately from Lemma [ 
Identity (II). Since = z^oz^i, we must show that 

\M=M \i=i " V // \kl=lM'l 
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after the change of variables. To do this, it is equivalent to show 

]T p a (o)xa(m U (fe)) = csc (!™\ I £ P^)xM 

\\\=\n\+k v J \W\=M 

which is equivalent (before the change of variables) to 

(18) Y, h(0)xx(^ (k)) = Pa(0)xM- 

\X\=M+k 9 \a\=\n\ 

Fix a. Then 



1 — 1 — q K aimya) 



XDa 

= x.(^)E(- 1 ) mCT) ^^^(- 1 ) |A| ^ 

(19) = X(7 ( At )E(-l)^V)p A (0). 

ADct 

where the sum is over all A obtained from a by adding a length kn border 
strip. The first equality follows from Corollary 14.41 the second from Theorem 
14.71 the third from Lemma 15.41 and the fourth is another application of 
Corollary IP1 

From (jlOp . we know 

(20) xx{^(k)) = Y,xAp){-if {x ^\ 

a 

where the sum is over all a such that a is obtained from A by removing a 
kn strip. Summing (|19p over all a proves identity (118p and thus (II). 

Identity (III). Applying Lemma l5.5( (III) is equivalent to 

Summing over all v and using orthogonality of characters, the left side be- 
comes 

XX (M) t -k E j\Xj\ K (y /=if T ( X )u+y. f,.(X)x,) 



en 

A M 

Applying Lemma 1531 we then see that (III) is equivalent to 

k/n 



v(«)eX 
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for any \i with at least one untwisted part. This is equivalent to 

/ \ k / n 

(2i) ^p^x^um n 4 \ =° 



v(ij)6A 



for any v. Fix a with \a\ = \u\. Then 



ad* 



k/n 



\Da \{i,j)e\ 



where the first equality is Theorem 14.81 the second holds because a is fixed, 
and the third follows from Lemmas 14.61 and 15.41 Since |A| is constant over 
the sum, it follows that 

k/n 

o = x^)£(-i)^Pa(o)I n 

XDa \(«j)6A 

Summing over all a (using equation (|20p ) proves (|2ip and thus finishes the 
proof of Theorem 1. 



7. GW/DT FOR LOCAL Z n -GERBES OVER P 1 

We conclude by giving an application of the gerby Gopakumar-Mariho- 
Vafa formula, we prove that the Gromov-Witten potential of any local Z n - 
gerbe over P 1 is equal to the reduced, multi-regular Donaldson-Thomas po- 
tential after an explicit change of variables. 

By a local Ij n -gerbe over P , we mean the total space of a rank two Calabi- 
Yau bundle L\ ©L2 over some Q^. The CY condition implies that deg(Li) + 
deg(L2) = —2. Also, since the isotropy is generically trivial, we can assume 
that the action of Z n on the fibers of L\ (L2) is by £ 

Fix k G {0, n — 1} and set e := gcd(/c, n). Then Pic(^) = ^Z. For each 
b G ^Z we let denote the corresponding orbifold line bundle. The subset 
of Pic(£?fc) where Z n acts on fibers as multiplication by £ is given by Z — — . 
Every local Z n -gerbe over P 1 is isomorphic to X^fi '■= Tot (£& © for 
some k G {0, n - 1} and b G Z - 
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By the gluing formula of [Rosllj . the degree d Gromov-Witten potential 
of Xk,b is given by 
(22) 

(d l - k — £)modn 

Gw d {x Kb) = Y,v;{b)z,v; M {Q)\{{-i) ] °' o.(-^*-.)— - - . 

A 4 «J 

where the sign is the gluing term in [Rosllj. 

Analyzing the modification in ([2]), we see that (|22p is equivalent to 

(23) ow d (x k>b ) = (-i) db £ v; (6) z M y; fc(M) (o) . 

Applying the change of variables in Theorem 1 , then using Lemma 15,51 
and orthogonality of characters, we find that 



Z 9k{n) 



GW d (X k , b ) = (-1)* £ ^ P A (6) ^ P CT (0) 

= (-!)* ^^Ei|Ai|p A(6) p A(0) 

A 

From equation (|3j), we see that this last expression is 

(24) ^P\(qo,qi, ...,q n -i)E\P\>(q ,q n -i, ...,qi) 

A 

where 

E X := ]J q^ )l - bj -\-l) dnb - 

(i,i)eA 

By the main result of [BCY10 ]. (|24l) is equal to the reduced, multi-regular, 
degree d Donaldson-Thomas potential DT' mrd {Xk,b) after the substitution 
qo —qo- This proves Theorem 2. 
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